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Abstract
A potent approach of subsequence analysis is introduced in this work, for investigating the following equation:
xn =
xb
n−k xn−m + xbn−l + a
xbn−k + xn−m xbn−l + a
, n = 1, 2, . . . ,
where k, m, l are positive integers, xs , xs+1, . . . , x0 ∈ (0,∞), s = min{1 − k, 1 − m, 1 − l}, a, b ≥ 0. The global asymptotical
stability of the above equation is verified, which extends and includes many corresponding results obtained in the cited references.
c© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
Recently, there has been increasing interest in the study of the qualitative analysis of rational difference equations.
Nonlinear difference equations of order greater than one are of paramount importance in applications, where the nth
generation of the system depends on the previous k, m, l generations. Therefore, one is often motivated to investigate
the qualitative behaviors of such difference equations; for example, see [1–10].
In [6], Ladas put forward the idea of investigating the global asymptotic stability of the following difference
equation:
xn+1 = xn + xn−1xn−2
xn xn−1 + xn−2 , n = 0, 1, 2, . . . , (E1)
where the initial values x−2, x−1, x0 ∈ (0,∞).
Li and Zhu obtained, for a more general difference equation in [7], a result implying the global asymptotic stability
of (E1).
✩ Project supported by NNSF of China (Grant: 10371040).
∗ Corresponding author.
E-mail addresses: zhi li77@yahoo.com.cn (Z. Li), dmzhu@math.ecnu.edu.cn (D. Zhu).
0893-9659/$ - see front matter c© 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2005.10.014
Z. Li, D. Zhu / Applied Mathematics Letters 19 (2006) 926–930 927
Nesemann in [10] utilized the strong negative feedback property of [3] to study the following difference equation:
xn+1 = xn−1 + xnxn−2
xn−1xn + xn−2 , n = 0, 1, 2, . . . , (E2)
where the initial values x−2, x−1, x0 ∈ (0,∞).
By using semi-cycle analysis methods, the authors of [9] got a sufficient condition for guaranteeing the global
asymptotic stability of the following difference equation:
xn+1 =
xbn−1xn + xbn−2 + a
xbn−1 + xnxbn−2 + a
, n = 1, 2, . . . , (E3)
where a, b ∈ [0,∞) and the initial values x−2, x−1, x0 ∈ (0,∞).
In the present work, we introduce a new method which can be called “subsequence analysis” for studying a more
general difference equation:
xn =
xbn−k xn−m + xbn−l + a
xbn−k + xn−m xbn−l + a
, n = 1, 2, . . . , (1)
where k, m, l are positive integers, xs, xs+1, . . . , x0 ∈ (0,∞), s = min{1 − k, 1 − m, 1 − l}, a, b ≥ 0. As we can see
below, this method can greatly simplify the proof of the global asymptotic stability.
It is easy to see that the positive equilibrium x¯ of Eq. (1) satisfies
x¯ = x¯
bx¯ + x¯ b + a
x¯b + x¯ x¯ b + a ,
from which one can see that Eq. (1) has a unique positive equilibrium x¯ = 1. Moreover, for any solution {xn}∞n=s of
Eq. (1) with positive initial values, every term xn is positive for n ∈ {s, s + 1, . . .}.
Our main result obtained in the work is as follows:
Theorem 1.1. Assume that a, b ∈ [0,∞); then the positive equilibrium of Eq. (1) is globally asymptotically stable.
Obviously, Theorem 1.1 extends and includes the corresponding results from the references cited above.
2. Preliminaries
To begin with our work, we require some preparation. First, we give some main definitions used in this work.
Definition 2.1. A solution {xn}∞n=s of Eq. (1) is called trivial if {xn}∞n=s is eventually identical to x¯ . Otherwise it is
nontrivial.
Definition 2.2. The sign of a solution {xn}∞n=s of Eq. (1) is defined as the sequence which is composed of the signs of
the terms of {xn − x¯}∞n=s . If xn − x¯ = 0, then the sign of the nth term of {xn − x¯}∞n=s is denoted by 0.
We divide the solution {xn}∞n=s of Eq. (1) into m subsequences, and let
Ai = {xnm+i }∞n=−1, i = 1, 2, . . . , m.
Clearly, each Ai is a “mod(m)-congruence class” of the terms in the solution sequence {xn}∞n=−(m−1) of Eq. (1),
according to their subscripts:
{xn}∞n=−(m−1) = {A1, A2, . . . , Am}.
Next, we derive several lemmas which are useful for us for yielding the main result of this work.
Lemma 2.1. If x−(m−i) = 1, then Ai is trivial for i = 1, 2, . . . , m.
Proof. Suppose x−(m−i) = 1; then xi = 1 due to Eq. (1). It is easy to get xnm+i = 1 for n = 2, 3, . . ., by mathematical
induction and Eq. (1). 
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Remark 2.1. Lemma 2.1 implies that if Ai is nontrivial, then y = 1 for any y ∈ Ai , i = 1, 2, . . . , m.
Lemma 2.2. The unique positive equilibrium point x¯ = 1 of Eq. (1) is locally asymptotically stable.
Proof. The linearized equation of Eq. (1) with respect to the positive equilibrium x¯ = 1 is
yn = 0yn−k + 0yn−m + 0yn−l, n = 1, 2, . . . .
By virtue of [4, Remark 1, 3, 7], x¯ is locally asymptotically stable. 
3. Proof of theorem
We now start to prove the following assertion which is important to us for obtaining Theorem 1.1.
Theorem 3.1. If {xn}∞n=s is the solution of Eq. (1), then limn→∞ xn = 1.
Proof. Let Ai = {xnm+i }∞n=−1, i = 1, 2, . . . , m. Since the proof is rather long, it will be convenient to divide it into
two steps.
First, we show that for any 0 < ε < m0, m0 = min{xs, xs+1, . . . , x0}, there exist Mi , Li > 0 (1 ≤ i ≤ m) such
that if n > Mi , then
|xnm+i − Li | < ε or
∣∣∣∣xnm+i −
1
Li
∣∣∣∣ < ε.
Since the proof is similar, we only verify it for i = 1.
If A1 is trivial, the proof is trivial.
If A1 is nontrivial, then y = 1 for any y ∈ A1 by Remark 2.1. Set
A1 = N1
⋃
N1, N1 = {y ∈ A1 | y > 1}, N1 = {y ∈ A1 | y < 1}.
We suppose x−(m−1) > 1. For x−(m−1) < 1, the proof is analogous.
Assume that the sign of {xnm+1}∞n=−1 (refer to Definition 2.2) is q+1 , q−2 , q+3 , q−4 , . . .. In this work, q+1 means q1
successive positive signs and q−2 means q2 successive negative signs, etc. There are two possibilities: (i) The sign
sequence is finite, that is, there exists a positive integer N such that qN = ∞. (ii) The sign sequence is infinite; then
qi is a positive integer for each i = 1, 2, . . ..
Noting that
xn − xn−m =
(1 − xn−m)[xbn−l(1 + xn−m) + a]
xbn−k + xn−m xbn−l + a
, n = 1, 2, . . . , (2)
clearly one gets
(xn − xn−m)(xn−m − 1) < 0, n = 1, 2, . . . . (3)
In case (i), we may as well assume N = 1, that is, q1 = ∞ and N1 is empty. By (3) one gets
x−m+1 > x1 > xm+1 > · · · .
Namely, {xnm+1}∞n=−1 is monotonically decreasing with lower bound 1. Hence the limit limn→∞ xnm+1 = L1 exists
and is finite.
In case (ii), qi < ∞ (i = 1, 2, . . .), one derives from (3) that
x−(m−1) > x1 > xm+1 > · · · > x−(m−1)+(q1−1)m,
x−(m−1)+mq1 < x−(m−1)+(q1+1)m < · · · < x−(m−1)+(q1+q2−1)m,
x−(m−1)+(q1+q2)m > x−(m−1)+(q1+q2+1)m > · · · > x−(m−1)+(q1+q2+q3−1)m,
x−(m−1)+(q1+q2+q3)m < x−(m−1)+(q1+q2+q3+1)m < · · · < x−(m−1)+(q1+q2+q3+q4−1)m, . . . . (4)
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By virtue of Eq. (1) one obtains
x−(m−1)+mq1 =
xb−(m−1)+mq1−k · x−(m−1)+(q1−1)m + xb−(m−1)+q1m−l + a
xb−(m−1)+mq1−k + x−(m−1)+(q1−1)m · xb−(m−1)+q1m−l + a
>
xb−(m−1)+mq1−k · x−(m−1)+(q1−1)m + xb−(m−1)+q1m−l + a
xb−(m−1)+q1m−k · x2−(m−1)+(q1−1)m + x−(m−1)+(q1−1)m · (xb−(m−1)+q1m−l + a)
= 1
x−(m−1)+(q1−1)m
,
x1−m+(q1+q2)m =
xb1−m+(q1+q2)m−k · x1−m+(q1+q2−1)m + xb1−m+(q1+q2)m−l + a
xb1−m+(q1+q2)m−k + x1−m+(q1+q2−1)m · xb1−m+(q1+q2)m−l + a
<
xb1−m+(q1+q2)m−k · x1−m+(q1+q2−1)m + xb1−m+(q1+q2)m−l + a
xb1−m+(q1+q2)m−k · x21−m+(q1+q2−1)m + x1−m+(q1+q2−1)m(xb1−m+(q1+q2)m−l + a)
= 1
x1−m+(q1+q2−1)m
.
Namely,
x−(m−1)+mq1 · x−(m−1)+(q1−1)m > 1, (5)
x−(m−1)+(q1+q2)m · x−(m−1)+(q1+q2−1)m < 1. (6)
Similarly,
x−(m−1)+(q1+q2+q3)m · x−(m−1)+(q1+q2+q3−1)m > 1, . . . . (7)
Hence, due to (4)–(7) one has
x−(m−1) > x1 > xm+1 > · · · > x−(m−1)+(q1−1)m
>
1
x−(m−1)+mq1
>
1
x−(m−1)+(q1+1)m
> · · · > 1
x−(m−1)+(q1+q2−1)m
> x−(m−1)+(q1+q2)m > x−(m−1)+(q1+q2+1)m > · · · > x−(m−1)+(q1+q2+q3−1)m
>
1
x1−m+(q1+q2+q3)m
>
1
x−(m−1)+(q1+q2+q3+1)m
> · · · > 1
x1−m+(q1+q2+q3+q4−1)m
· · · . (8)
From the above inequalities one can see that the subsequence N1 is monotonically decreasing and N1 is monotonically
increasing. Thus, their limits exist and are finite. Let them be L1 and R, respectively; then prove R = 1L1 .
According to (8) one can see
x−(m−1)+(q1+q2)m >
1
x−(m−1)+(q1+q2+q3)m
> x−(m−1)+(q1+q2+q3+q4)m > · · · .
Therefore,
x
−(m−1)+m
2h∑
i=1
qi
>
1
x
−(m−1)+m
2h+1∑
i=1
qi
> x
−(m−1)+m
2h+2∑
i=1
qi
for h ≥ 1.
Let h → ∞; then the above inequalities imply L1 ≥ 1R ≥ L1. That is R = 1L1 .
Now, as a direct consequence, it follows that, for any ε > 0, there exists a positive integer M1 > 0 such that if
n > M1, then
|xnm+1 − L1| < ε or
∣∣∣∣xnm+1 −
1
L1
∣∣∣∣ < ε.
The proof of the first step is completed.
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In the next step, we establish the limit limn→∞ xnm+i = 1 for i = 1, 2, . . . , m. Still by similarity, it suffices to
confirm the above conclusion for the case i = 1.
For 0 < ε < m0 and any given positive integer n0 > max{M1, M2, . . . , Mm } + max{k, l}, from the conclusion of
the first step, we have
|xmn0+1 − L1| < ε or
∣∣∣∣xmn0+1 −
1
L1
∣∣∣∣ < ε,
|xmn0+1−m − L1| < ε or
∣∣∣∣xmn0+1−m −
1
L1
∣∣∣∣ < ε. (9)
Moreover, there exist S, T ∈ {L1, L2, . . . , Lm , L−11 , L−12 , . . . , L−1m } such that
|xmn0+1−k − S| < ε and |xmn0+1−l − T | < ε. (10)
Due to Eq. (1), one gets
xmn0+1 =
xbmn0+1−k · xmn0+1−m + xbmn0+1−l + a
xbmn0+1−k + xmn0+1−m · xbmn0+1−l + a
. (11)
Without loss of generality, we may assume
|xmn0+1 − L1| < ε. (12)
By (9)–(12), one has


L1 − ε < xmn0+1 <
(S + ε)b(L1 + ε) + (T + ε)b + a
(S − ε)b + (L1 − ε)(T − ε)b + a ,
L1 + ε > xmn0+1 >
(S − ε)b(L1 − ε) + (T − ε)b + a
(S + ε)b + (L1 + ε)(T + ε)b + a ,
(13)
or 

L1 − ε < xmn0+1 <
(S + ε)b( 1L1 + ε) + (T + ε)b + a
(S − ε)b + ( 1L1 − ε)(T − ε)b + a
,
L1 + ε > xmn0+1 >
(S − ε)b( 1L1 − ε) + (T − ε)b + a
(S + ε)b + ( 1L1 + ε)(T + ε)b + a
(14)
for 0 < ε < min
{
S, T, L1, 1L1
}
. By the arbitrariness of ε, we have L1 = 1, which follows either from (13) or from
(14).
Obviously, from the above two steps it turns out that limn→∞ xn = 1. 
Theorem 1.1 is an immediate result of Theorem 3.1 and Lemma 2.2.
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